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Least Prime Primitive Roots
N. A. Carella
Abstract: This note presents an upper bound for the least prime primitive roots g∗(p) mod-
ulo p, a large prime. The current literature has several estimates of the least prime primitive
root g∗(p) modulo a prime p ≥ 2 such as g∗(p) ≪ pc, c > 2.8. The estimate provided within
seems to sharpen this estimate to the smaller estimate g∗(p) ≪ p5/ log log p uniformly for all
large primes p ≥ 2.
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1 Introduction
This note provides the details for the analysis of some estimates for the least primitive root
g(p), and the least prime primitive root g∗(p) in the cyclic group Z/(p − 1)Z, p ≥ 2 prime.
The current literature has several estimates for the least prime primitive root g∗(p) mod-
ulo a prime p ≥ 2 such as g∗(p) ≪ pc, c > 2.8. The actual constant c > 2.8 depends on
various conditions such as the factorization of p − 1, et cetera. These results are based on
sieve methods and the least primes in arithmetic progressions, see [22], [21], [15]. Moreover,
there are a few other conditional estimates such as g(p) ≤ g∗(p)≪ (log p)6, see [31], and the
conjectured upper bound g∗(p) ≪ (log p)(log log p)2, see [3]. On the other direction, there
is the Turan lower bound g∗(p) ≥ g(p) = Ω(log p log log p), refer to [4], [29, p. 24], and [24]
for discussions. The result stated in Theorem 1 improves the current estimate to the smaller
estimate g∗(p)≪ p5/ log log p uniformly for all large primes p > 2.
Theorem 1. Let p ≥ 3 be a large prime. Then the following hold.
1. Almost every prime p ≥ 3 has a prime primitive root g∗(p)≪ (log p)c, c > 1 constant.
2. Every prime p ≥ 3 has a prime primitive root g∗(p)≪ p5/ log log p.
Case (1) explains the frequent occurrence of very small primitive roots for almost every prime;
and case (2) explains the rare occurrence of large prime primitive roots modulo p ≥ 2 on a
subset of density zero in the set of primes. The term for almost every prime refers to the set
of all primes, but a subset of primes of zero density. The subset of exceptional primes are of
the form p − 1 = ∏q≤log p qv, where q ≥ 2 is prime, and v ≥ 1. The proof appears in Section
5.
2 Basic Concepts
Let G be a finite group of order q = #G. The order ord(u) of an element u ∈ G is the
smallest integer d | q such that ud = 1. An element u ∈ G is called a primitive element if it
has order ord(u) = q. A cyclic group G is a group generated by a primitive element τ ∈ G.
Given a primitive root τ ∈ G, every element 0 6= u ∈ G in a cyclic group has a representation
as u = τv, 0 ≤ v < q. The integer v = log u = logτ u is called the discrete logarithm of u with
respect to τ .
2.1 Simple Characters Sums
Let d | q. A character χ modulo q ≥ 2, is a complex-valued periodic function χ : N −→ C, and
it has order ord(χ) = d ≥ 1 if and only if χ(n)d = 1 for all integers n ∈ N, gcd(n, q) = 1. For
q 6= 2r, r ≥ 2, a multiplicative character χ 6= 1 of order ord(χ) = d, has a representation as
χ(u) = ei2pik log(u)/d, (1)
where v = log u is the discrete logarithm of u 6= 0 with respect to some primitive root, and
for some integer k ∈ Z, see [20, p. 187], [25, p. 118], and [17, p. 271]. The principal character
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χ0 = 1 mod q has order d = 1, and it is defined by the relation
χ0(n) =
{
1 if gcd(n, q) = 1,
0 if gcd(n, q) 6= 1. (2)
And the nonprincipal character χ 6= 1 mod q of order ord(χ) = d > 1 is defined by the relation
χ(n) =
{
ωlogn if gcd(n, q) = 1,
0 if gcd(n, q) 6= 1, (3)
where ω ∈ C is a dth root of unity.
The Mobius function and Euler totient function occur in various formulae. For an integer
n = pv11 p
v2
2 · · · pvtt , with pk ≥ 2 prime, and vi ≥ 1, the Mobius function is defined by
µ(n) =
{
(−1)t if n = p1p2 · · · pt, vk = 1 all k ≥ 1,
0 if n 6= p1p2 · · · pt, vk ≥ 2 for some k ≥ 1. (4)
The Euler totient function counts the number of relatively prime integers ϕ(n) = #{k :
gcd(k, n) = 1}. This is compactly expressed by the analytic formula
ϕ(n) = n
∏
d |n
(1− 1/p) = n
∑
d |n
µ(d)
d
. (5)
Lemma 1. For a fixed integer u 6= 0, and an integer q ∈ N, let χ 6= 1 be nonprincipal
character mod q, then
1.
∑
ord(χ)=ϕ(q)
χ(u) =
{
ϕ(q) if u ≡ 1 mod q,
−1 if u 6≡ 1 mod q.
2.
∑
1≤a<ϕ(q)
χ(au) =
{
ϕ(q) if u ≡ 1 mod q,
−1 if u 6≡ 1 mod q.
2.2 Representation of the Characteristic Function
The characteristic function Ψ : G −→ {0, 1} of primitive element is one of the standard tools
employed to investigate the various properties of primitive roots in cyclic groups G. Many
equivalent representations of characteristic function Ψ of primitive elements are possible. The
best known representation of the characteristic function of primitive elements in finite rings
is stated below.
Lemma 2. Let G be a finite group of order q = #G, and let 0 6= u ∈ G be an invertible
element of the group. Assume that v = log u, and e = gcd(d, v). Then
Ψ(u) =
ϕ(q)
q
∑
d | q
µ(d)
ϕ(d)
∑
ord(χ)=d
χ(u) =
{
1 if ord(u) = q,
0 if ord(u) 6= q. (6)
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Finer details on the characteristic function are given in [12, p. 863], [20, p. 258], [23, p. 18],
[34], et alii. The characteristic function for multiple primitive roots is used in [8, p. 146] to
study consecutive primitive roots. In [18] it is used to study the gap between primitive roots
with respect to the Hamming metric. In [30] it is used to study Fermat quotients as primitive
roots. And in [34] it is used to prove the existence of primitive roots in certain small subsets
A ⊂ Fpn , n ≥ 1. Many other applications are available in the literature. An introduction to
elememtary character sums as in Lemmas 1 and 2 appears in [20, Chapter 6].
3 Basic L-Functions Estimates
For a character χ modulo q ≥ 2, and a complex number s ∈ C,Re(s) > 1, an L-function is
defined by the infinite sum L(s, χ) =
∑
n≥1 χ(n)n
−s. Simple elementary estimates associated
with the characteristic function of primitive roots are calculated here.
3.1 An L-Function for Prime Primitive Roots
The analysis of the least prime primitive root mod p is based on the Dirichlet series
L(s,ΨΛ) =
∑
n≥1
Ψ(n)Λ(n)
ns
, (7)
where Ψ(n)Λ(n) /ns is the weighted characteristic function of primes and prime powers prim-
itive roots mod p. This is constructed using the characteristic function of primitive roots,
which is defined by
Ψ(n) =
{
1 if n is a primitive root,
0 if n is not a primitive root,
(8)
where p ≥ 2 is a prime, see Lemma 3 for the exact formula, and the vonMangoldt function
Λ(n) =
{
log p if n = pk, k ≥ 1,
0 if n 6= pk, k ≥ 1. (9)
The function L(s,ΨΛ) is zerofree, and analytic on the complex half plane {s ∈ C : Re(s) =
σ > 1}. Furthermore, it has a pole at s = 1. This technique has a lot of flexibility and does
not require delicate information on the zerofree regions {s ∈ C : 0 < Re(s) = σ < 1} of the
associated L-functions. Moreover, the analysis is much simpler than the sieve methods used
in the current literature – lex parsimoniae.
The nonprincipal partial sum of the previous L-function has a mild dependence on the prime
p, this is made explicit in the next result.
Lemma 3. Let p ≥ 2 be a prime number, and let χ0 be the principal character modulo p. For
a real number x ≥ 1, and a real number s = σ > 1, the nonprincipal partial sum
∑
n≤x
Λ(n)χ0(n)
ns
= −ζ
′
(s)
ζ(s)
−
∑
k≥0
log p
p(1+k)s
+O
(
log x
xs−1
)
. (10)
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Proof. The principal character χ0(n) = 0 if and only if p | n. Otherwise χ(n) = 1. Moreover,
the series ∑
n≥1
Λ(n)
ns
= −ζ
′
(s)
ζ(s)
, (11)
where ζ(s) is the zeta function, is absolutely convergent for Re(s) = σ > 1. The smaller
correction constant ∑
n≥1
Λ(pn)
(pn)s
=
∑
k≥0
log p
p(1+k)s
(12)
accounts for the missing integers n ≡ 0 mod p. In particular, at s = 2, this is
− ζ
′
(2)
ζ(2)
−
∑
k≥0
log p
p(1+k)2
+O
(
log x
x
)
= κ2(p) +O
(
log x
x
)
, (13)
where κ2(p) > 0 is a constant for any fixed prime p. 
A formula for computing the constant −ζ ′(2)/ζ(2) > 0 is given in [10, 25.6.15].
Lemma 4. Let x > 2 be a real number. Let p ≥ 2 be a prime, and let χ 6= 1 be the nontrivial
characters modulo d, where d | (p − 1). If s = σ > 1 is a real number, then principal partial
sum ∑
n≤x
Λ(n)
ns
∑
1<d|p−1
µ(d)
ϕ(d)
∑
ord(χ)=d
χ(n) = O
(
2ω(p−1)
xσ−1
)
. (14)
Proof. Rearranging the principal partial sum and taking absolute value yield∣∣∣∣∣∣
∑
n≤x
Λ(n)
ns
∑
1<d|p−1
µ(d)
ϕ(d)
∑
ord(χ)=d
χ(n)
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
1<d|p−1
µ(d)
ϕ(d)
∑
ord(χ)=d,
∑
n≤x
χ(n)Λ(n)
ns
∣∣∣∣∣∣
≤
∑
1<d|p−1
∣∣∣∣µ(d)ϕ(d)
∣∣∣∣
∣∣∣∣∣∣
∑
ord(χ)=d,
∑
n≤x
χ(n)Λ(n)
ns
∣∣∣∣∣∣
≤
∑
1<d|p−1
µ2(d)
∣∣∣∣∣∣
∑
n≤x
χ(n)Λ(n)
ns
∣∣∣∣∣∣ , (15)
where ϕ(d) = #{χ 6= 1 : χd = 1} is the number of nontrivial characters of order d > 1. The
inner sum is estimated, using Abel summation formula, (discussed in [25, p. 12] and [33], as
∑
n≤x
χ(n)Λ(n)
ns
=
∫ x
1
1
ts
dψχ(t)≪ 1
xs−1
, (16)
where
|ψχ(x)| =
∣∣∣∣∣∣
∑
n≤x
χ(n)Λ(n)
∣∣∣∣∣∣≪ x. (17)
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Substitute this estimate of the integral back into (15) returns
∑
1<d|p−1
µ2(d)
∣∣∣∣∣∣
∑
n≤x
χ(n)Λ(n)
ns
∣∣∣∣∣∣ ≪
1
xσ−1
∑
1<d|p−1
µ2(d) (18)
≪ O
(
2ω(p−1)
xσ−1
)
.

The estimates in (16) and (17) are trivial, but sufficient. Similar and sharper results are
proved in [25, Theorem 4.11], and similar references.
4 Prime Divisors Counting Function
For n ∈ N, the prime counting function is defined by ω(n) = #{p | n}. Somewhat similar
proofs of the various properties of the arithmetic function ω(n) are given in [16, p. 473], [25,
p. 55], [9, p. 34], [33, p. 83], and other references.
Lemma 5. Let n ≥ 1 be a large integer. Then,
1. Almost every integer n ≥ 1 satisfies the inequality
ω(n)≪ log log n. (19)
2. Every integer n > 1 satisfies the inequality
ω(n)≪ n/ log log n. (20)
Lemma 6. Let n ≥ 1 be a large integer. Then,
1. Almost every integer n ≥ 1 satisfies the number of squarefree divisors inequality
2ω(n) ≪ 2log logn. (21)
2. For every integer n ≥ 1, the number of squarefree divisors satisfies the inequality
2ω(n) ≪ 2logn/ log logn. (22)
The Euler constant is defined by the formula γ = limx→∞
(∑
n≤x 1/n − log x
)
, and the
Mertens constant is defined by the formula B1 = limx→∞
(∑
p≤x 1/p− log log x
)
, and c > 0
is an absolute constant.
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Remark 1. The average order of the prime divisor counting function is precisely
1
x
∑
n≤x
ω(n) = log log n+B1 + (γ − 1)/ log n+O
(
e−c
√
logn
)
, (23)
and the standard deviation is≪ √log log n, this implies the first statement in Lemma 5. And
any integer n ≥ 1 has at most ω(n) ≪ log n/ log log n primes, this can be proved using the
product
n =
∏
p≤w
p≪ e
∑
p≤w log p. (24)
The properties of the distribution of the omega function has been extended to a wide range
of subsets of integers, arithmetic functions and numbers fields, the interested reader should
refer to the literature. In particular, ω(p − 1) satisfies all the properties stated in Lemmas 5
and 6, see [14] and other more recent publications.
5 The Least Prime Primitive Roots
It is expected that there are estimates for the least prime primitive roots g(p)∗ ≥ g(p), which
are quite similar to the estimates for the least primitive roots g(p). This is a very small
quantity and nowhere near the currently proved results. In fact, the numerical tables confirm
that the least prime primitive roots are very small, and nearly the same magnitude as the
least primitive roots, but have more complex patterns, see [27].
Proof. (Theorem 1.) Fix a large prime p ≥ 2, and consider summing the weighted character-
istic function Ψ(n)Λ(n)/ns over a small range of both primes and prime powers qk ≤ x, k ≥ 1,
see Lemma 2. Then, the nonexistence equation
0 =
∑
n≤x
Ψ(n)Λ(n)
ns
=
∑
n≤x
Λ(n)
ns

ϕ(p − 1)
p− 1
∑
d | p−1
µ(d)
ϕ(d)
∑
ord(χ)=d
χ(n)

 , (25)
where s > 1 is a real number, holds if and only if there are no primes or prime powers primi-
tive roots in the interval [1, x].
Separating the nonprincipal part and the principal part, and applying Lemma 3, and Lemma
4 with q = p− 1, and s = 2, yield
0 =
∑
n≤x
Λ(n)χ0(n)
ns
+
∑
1<d | p−1
µ(d)
ϕ(d)
∑
ord(χ)=d
∑
n≤x
Λ(n)χ(n)
ns
= κ2 +O
(
log x
x
)
+O
(
2ω(p−1)
x
)
, (26)
where κ2 = κ2(p) > 0 is a constant, which depends on the fixed prime p ≥ 2, see (13).
7
Case I: Restriction to the average integers p − 1, with 2ω(p−1) ≪ log p. Refer to Lemmas 5
and 6 for more details.
Let x = (log p)1+ε, ε > 0, and suppose that the short interval [2, (log p)1+ε] does not contain
primes or prime powers primitive roots. Then, replacing these information into (26) yield
0 = κ2 +O
(
log x
x
)
+O
(
2ω(p−1)
x
)
(27)
= κ2 +O
(
1
(log p)ε
)
> 0.
Since κ2 > 0 is a constant, this is a contradiction for all sufficiently large prime p ≥ 3.
Case II: No restrictions on the integers p− 1, with 2ω(p−1) ≪ p4/ log log p. Refer to Lemmas 5
and 6 for more details.
Let x = p5/ log log p, and suppose that the short interval [2, p5/ log log p] does not contain primes
or prime powers primitive roots. Then, replacing these information into (26) yield
0 = κ2 +O
(
log x
x
)
+O
(
2ω(p−1)
x
)
(28)
= κ2 +O
(
1
p1/ log log p
)
> 0.
Since κ2 > 0 is a constant, this is a contradiction for all sufficiently large prime p ≥ 3. 
Remark 2. Explaination For the two cases.
1. Case I: The average magnitute of ω(ordp(τ)) = ω(p−1)≪ log log p. There is an explicit
relationship between the order ordp(τ) = p − 1 of the element τ ∈ Fp, the number of
primes ω(ordp(τ)) = ω(p − 1), the order of the multiplicatice group #G = p − 1, the
number of primes ω(#G) = ω(p−1), and the prime p. These explicit dependencies lead
to the upper limit x = (log p)1+ε, ε > 0.
2. Case II. The extreme size of ω(ordp(τ)) = ω(p − 1) ≪ log p. There is an explicit
relationship between the order ordp(τ) = p − 1 of the element τ ∈ Fp, the number of
primes ω(ordp(τ)) = ω(p − 1), the order of the multiplicatice group #G = p − 1, the
number of primes ω(#G) = ω(p−1), and the prime p. These explicit dependencies lead
to the upper limit x = p5/ log log p.
6 Addendum
The same analysis extends to other multiplicative groups G of order #G = q provided that
the order ordq(τ) of the element τ ∈ G, the number of primes ω(ordq(τ)), the number of
primes ω(#G) = ω(q), and the integer q have a explicit nontrivial relationship.
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For elements in the multiplicative group (Z/pZ)× such that ω(ordp(τ)) is a small constant,
there is no explict relationship between the prime p and x, accorddingly, the analysis is very
delicate.
6.1 Quadratic Nonresidues
In the case of quadratic nonresidues n(p) mod p, order ordp(n(p)) = 2, and the number
of primes ω(ordp(n(p)) = 1. Thus, there is no nontrivial explicit relationship between the
different paramters. Moreover, there are just two characters: the principal χ0(n) = 1 and the
quadratic character is χ(n) =
(
n
p
)
. Using the same analysis as in the proof of Theorem 1,
the last equation (28) reduces to
0 =
∑
n≤x
(χ0(n)− χ(n)) Λ(n)
n2
= κ2(p) +
∑
n≤x
χ(n)Λ(n)
n2
+O
(
log x
x
)
. (29)
But, there is no simple expression as in Case I and II above to link the variable x = x(p) and
p for all primes p, see Remark 2.
The least x ≥ 1 is not arbitrary, it depends on the maximal number of consecutive quadratic
residues, this made explicit in the decomposition of the L-series as∑
n≥1
(χ0(n)− χ(n)) Λ(n)
n2
=
∑
n≥1
χ0(n)Λ(n)
n2
−
∑
n≥1
χ(n)Λ(n)
n2
. (30)
Assuming the RH, it is n(p) ≤ x = O(log2 p), see [1]. Furthermore, the restriction to certain
characters χ mod p produces a better bound n(p) ≤ x = (log p)1.4 as proved in [7].
The classical quadratic nonresidue test
a(p−1)/2 6≡ 1 mod p (31)
for gcd(a, p) = 1, and the primitive root test
a(p−1)/r 6≡ 1 mod p (32)
for all prime divisors r | p−1, are the same or nearly the same for primes with very few prime
divisors r | p − 1. In the extreme cases of Fermat primes p = 22m + 1 and Germain primes
p = 2aqb+1 with a, b ≥ 1 and q ≥ 3 prime, these tests are the same. Consequently, Theorem
1 for ω(p− 1)≪ log log p seems to imply n(p)≪ log1+ε p.
6.2 Average And Conjectures
The average value of a quadratic nonresidue n(p) mod p is extremely small
n(p) = lim
x→∞
1
pi(x)
∑
p≤x
n(p) = 2.920050 . . . , (33)
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a general discussion and a proof appear in [28]. But, there exists a subset of primes of zero
density that have large nonquadratic residues n(p)→∞ as p→∞.
The Vinogradov quadratic nonresidue conjecture states that the least quadratic nonresidue
modulo p satisfies n(p)≪ pε, with ε > 0 an arbitrary small number, see [19]. Since
n(p) ≤ g∗(p)≪ p5/ log log p ≪ pε, (34)
this is implied by Theorem 1. In addition, a recent conjecture calls for
n(p) ≤ x = O((log p)(log log p)), (35)
see [13], [32], and similar literature.
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